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The DDK 3-body system is supposed to be bound due to the strongly attractive inter-
action between the D meson and the K meson in the isospin zero channel. The minimum
quark content of this 3-body bound state is ccq¯s¯ with q = u, d. It will be an explicitly exotic
tetraquark state once discovered. In order to confirm the phenomenological study of the
DDK system, we can refer to lattice QCD as a powerful theoretical tool parallel to the ex-
periment measurement. In this paper, a 3-body quantization condition scheme is derived via
the non-relativistic effective theory and the particle-dimer picture in finite volume. Lattice
spectrum of this 3-body system is calculated within the existing model inputs. The spectrum
shows various interesting properties of the DDK system, and it may reveal the nature of the
D∗(2317). This predicated spectrum is expected to be tested in future lattice simulations.
I. INTRODUCTION
The discovery of the D∗s0(2317) [1–3] and subsequent phenomenological studies [4–17] imply that
there is a strongly attractive interaction between D and K. The prevailing idea that the D∗s0(2317)
can be understood as a molecular state has been confirmed by many Weinberg-Tomozawa potential
calculations [18–34] and lattice QCD simulations [35–43]. It is also found that there is a long-range
attractive potential between D and D∗s0(2317). This potential can be explained by the exchange of
a nearly on-shell K meson [44]. Subsequently, it is very natural to ask what happens in the DDK
three-body system. Till now, many works [44–47] have been devoted to studying this problem. The
reference [46] found that a DDK bound state exists with a binding energy of about 70MeV due
to the attractive DK interaction (the repulsive DD interaction is also considered). The quantum
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2numbers are JP = 0−, I = 1/2, S = 1 and C = 2. It turns out that the minimum quark content of
this state is ccq¯s¯ with q = u, d. Therefore, once this state is discovered, it should be an explicitly
exotic tetraquark state.
Lattice QCD provides an alternative tool to understand considerable hadronic processes based
on the QCD first principle. Recently, lattice simulations have started to probe three-body systems
[48–51]. A lot of progress has been made in analyzing of these three-body lattice data [52–82]
(for the recent review, see Ref. [83]). The finite volume spectrum produced by lattice simulations
can help determine the low energy constants (LECs) in effective field theory and further test the
phenomenological works. The references [68, 69, 71, 80] supply a 3-body quantization condition
scheme via the non-relativistic effective theory and the particle-dimer picture in finite volume.
This method can be applied in many hadronic processes transparently and connect lattice QCD
simulations with established phenomenological models.
In the current paper, we focus on the DDK system and apply the phenomenological model
[46] in the finite volume formalism of [69] to calculate the corresponding spectrum. This work
starts from DK and DD 2-body scattering, then builds a cut-off independent 3-body formalism of
DDK system, aiming to obtaining the energy levels in finite volume in the end. This spectrum is
automatically divided into three parts, above the DDK threshold, below the DD∗s(2317) threshold,
and between these two thresholds. Such spectrum provides various interesting physical information
of the DDK system.
The paper is organized as follows. In Sec. II, we give the basic formalism to describe the 3-body
system of DDK and derive the quantization condition. In Sec. III, the matching of the 2-body
scattering amplitude including DK and DD channels is given based on the setup of Refs. [46, 84].
We build a 3-body force to generate the DDK bound state predicted by [46] and use quantization
condition to produce its lattice spectrum. The calculation up to O(p0), O(p2), and O(p4) are
compared to guarantee the stability of the non-relativistic framework. Finally, the summary and
outlook are given in Sec. IV.
II. FORMALISM
A. Particle-dimer formalism
We derive the 3-body quantization condition for the DDK system in the particle-dimer for-
malism used in [68, 69, 71]. In the particle-dimer picture, the DDK system is described by a
3DK-dimer with the other D meson as a spectator. In principle, the dimer DK can give all the
2-body dynamics in the DK sub-system, not necessarily constrained as a 2-body bound state or
resonance, e.g., the D∗s0(2317). To complete a full physical picture, we also need to consider the
DD-dimer with the K meson as the spectator. Therefore, the effective Lagrangian reads,
L =L1 + L2 + L3, (1)
where
L1 =D†(i∂0 + ∇
2
2mD
)D +K†(i∂0 +
∇2
2mK
)K + T †DKσDKTDK + T
†
DDσDDTDD; (2)
L2 =T †DK [DFDKK] + T †DD [DFDDD] + h.c., where the operator reads, F = f0 + f2
←→∇ 2; (3)
L3 =h0
[
T †DKD
†
]
[TDKD] . (4)
In the Lagrangian, we have kinematic part L1 including both single particle fields and dimer fields,
saying D, K and TDD, TDK . The dynamics of 2-body sector is given in L2 where the operators
encode the interactions between the dimer fields and their constituents, e.g., DK-dimer and D
meson, K meson. In the formalism, the 2-body LECs are denoted by f0 and f2. The remaining
interaction is 3-body contact term induced by the dimer and a spectating single particle, e.g., DK-
dimer and another D meson just as we have shown in L3. Here, for all the possible 3-body contact
interaction, we choose only one operator for the channel (DK)+D → (DK)+D and a corresponding
LEC, i.e., h0. In principle, the contact term can also appear in the interaction between the DD-
dimer and the spectating K meson, as well as the crossed channel (DK) +D → (DD) +K or the
inverse case. It seems to be more complete that we parameterize 3-body force in the form of,
h0
(
T †DKD
†
)
(TDKD) + h
′
0
(
T †DDK
†
)
(TDDK) + h
′′
0
((
T †DDK
†
)
(TDKD) + h.c.
)
. (5)
As a matter of fact, considering the equivalent effective field theory without dimers1, we have only
one operator to build up the 3-body interaction for the DDK system, that is h
(
D†D†K†
)
(DDK).
Consequently, the relationship between the general LEC, h and the LECs, h0, h
′
0, h
′′
0 in particle-
dimer formalism is
h =
f20,DK
σ2DK
h0 +
f20,DD
σ2DD
h
′
0 +
2f0,DDf0,DK
σDKσDD
h
′′
0 . (6)
Since dimer fields are, nevertheless, auxiliary fields, physical observables can only determine h, but
have nothing to do with the distribution of h0, h
′
0 and h
′′
0 , we are allowed to choose h
′
0 = h
′′
0 = 0
and use the contact term in (DK) +D → (DK) +D to parameterize the 3-body force.
1 The equivalence can be seen by integrating the dimer fields out in Lagrangian (1).
4p q
M =
p
q
+
p q
+
k
p
q
M +
k
p q
M
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Figure 1: Schematic 3-body scattering equation.
There are many other ways to parameterize the particle-dimer formalism, for example, using
the N/D method with the analytic properties derived from 3-body unitarity [72]. Nevertheless, all
these parameterizations give the same 3-body quantization condition in finite volume.
B. Particle-dimer scattering equation
The scattering amplitude of DDK → DDK encodes all the information of the 3-body system.
In infinite volume, we can introduce the particle-dimer scattering equation to resolve the analytic
properties of the amplitude. The equation reads,
M(p,q;E) =Z(p,q;E) + 4pi
∫ Λ d3k
(2pi)3
Z(p,k;E)τ(k;E)M(k,q;E). (7)
M denotes the particle-dimer scattering amplitude which resolves the 3-body information equiva-
lently. Since there are two kinds of dimers,M takes the form of 2× 2 matrix as
M =
M1 M12
M21 M2
 . (8)
The subscript 1 represents the channel of scattering between dimer DK and spectating D meson
while 2 means the channel of DD and K. The off-diagonal term is thus the amplitude of the
corresponding cross channel. We introduce a momentum cutoff Λ for the spectating particle to
treat UV divergence.
In the 2-body sector, τ stands for the dressed dimer propagators in two channels,
τ =
τ1
τ2
 . (9)
5We can write down the explicit forms for these propagators within non-relativistic kinematics and
S-wave projection,
τ1(k;E) =
1
k∗,1 cot δDK − ik∗,1 , k
2
∗,1 = 2µE − β2k2; (10)
τ2(k;E) =
2ZDD
k∗,2 cot δDD − ik∗,2 , k
2
∗,2 = 2µE/ZDD − α2k2. (11)
where µ is theDK 2-body reduced mass, i.e., µ =
mKmD
mK +mD
, γ =
µ
mK
, β2 = 1−γ2, ZDD = 2(1−γ),
and α2 = Z−1DD−
1
4
. Here the momentum k∗,1(2) denotes the relative momentum of the corresponding
pair in the rest frame.
The kernel of the scattering equation is denoted by Z in three channels,
Z =
Z1 Z12
Z21 Z2
 . (12)
In principle, the potential Z should include both particle exchange terms and contact terms. As we
have discussed before, the proper contact term is introduced in the form of non-derivative coupling,
i.e., h0 in the (DK) +D → (DK) +D channel. This is just one choice to parameterize the 3-body
force of the DDK system. More explicitly, the 3-body force is reparameterized in the potential,
H0
Λ2
=− h0
2µf20,DK
. (13)
Additionally, the component Z1 includes also the potential of (DK)+D → (DK)+D by exchanging
the K meson, Z12 includes the potential (DK) +D → (DD) +K by exchanging the D meson and
Z21 inversely. In a closed form, Z2 is designed for the potential of (DD) + K → (DD) + K.
However, there is no one-particle exchange potential in this reaction and therefore, we are allowed
to set Z2 = 0 at the beginning. Finally, we arrive at the elements of Z which can be written as,
Z1(p,q;E) =
1
p2 + q2 + 2γpq− 2µE +
H0
Λ2
; (14)
Z12(p,q;E) =
1
2(1− γ)p2 + q2 + 2(1− γ)pq− 2µE ; (15)
Z21(p,q;E) =Z12(q,p;E). (16)
Z2(p,q;E) = 0 (17)
Corresponding to Eq.(7), the finite volume amplitude ML satisfies the following scattering
equation,
ML(p,q;E) =Z(p,q;E) + 4pi
L3
Λ∑
k
Z(p,k;E)τL(k;E)ML(k,q;E). (18)
6L is the spatial size of the cubic box, E is thus the finite-volume energy level. Here p,q and k
are the discretized relative dimer-spectator three-momenta, i.e., p,q,k ∈ {2pin/L|n ∈ Z3}. The
2-body finite-volume correction is encoded in τL as
τL,1(k;E) =
1
k∗,1 cot δDK − S(DK)L (k;E)
; (19)
τL,2(k;E) =
2ZDD
k∗,2 cot δDD − S(DD)L (k;E)
, (20)
where the finite volume corrections read,
S
(DK)
L (k;E) =
(
1
L3
∑
l
−PV
∫
d3l
(2pi)3
)
1
(l + γk)2 − k21∗
; (21)
S
(DD)
L (k;E) =
(
1
L3
∑
l
−PV
∫
d3l
(2pi)3
)
1
(l + k/2)2 − k22∗
. (22)
The 3-body force does not need to be modified in Eq.(18) because it describes short-range interaction
in the system which is not sensitive to the finite volume effect.
C. Quantization condition
The energy levels on lattice are determined by the pole position of finite volume amplitude
ML. Since these energy levels are always discrete, the scattering equation can be reduced to a
homogeneous equation. Near the pole ofML at E∗ , the amplitude can be written in the form of
ML(p,q;E) =φ(p)φ
∗(q)
E − E∗ + reg. . (23)
So the homogeneous equation is
φ(p) =
4pi
L3
Λ∑
k
Z(p,k)τL(k)φ(k). (24)
To be consistent with Z and τL, the factorized component φ also consists of two channels, i.e.,
φ = (φ1, φ2)
T. Using the cubic symmetry projection of [71], we have the following equation in the
A+1 irreducible representation(A
+
1 -irreps.),
φr =
4pi
L3
sΛ∑
s
ϑs Z
(A+1 )
rs τsφs. (25)
The indices r, s denote the shells to which the discrete momenta belong. Correspondingly, sΛ is the
cutoff shell. We call ϑs as the number of momenta in shell s. The projected potential and dimer
propagator are
Z
(A+1 )
rs =
1
48
∑
g∈G
Z(gp
(r)
0 ,k
(s)
0 ), τs = τL(k
(s)
0 ), (26)
7where p(r)0 ,k
(s)
0 are reference momenta of r, s shells respectively. g is octahedral transformation
of the group G. At last, we obtain the 3-body quantization condition of the DDK system in the
A+1 -irreps.,
det
δrs
τ−1L,1(s)
τ−1L,1(s)
− 4pi
L3
ϑs

Z
(A+1 )
1,rs Z
(A+1 )
12,rs
Z
(A+1 )
21,rs 0

 = 0. (27)
III. RESULTS AND DISCUSSIONS
A. 2-body part
In order to resolve the 3-body dynamics, it is necessary to calculate the 2-body scattering
amplitude firstly. Therefore, we solve the Lippmann-Schwinger(LS) equation based on the DK and
DD potential. The equation is written down as,
T`(p, q) =V`(p, q) +
1
2pi2
∫ ∞
0
k2dkV`(p, k)G(k)T`(k, q) (28)
Here T` is the partial-wave scattering amplitude. The corresponding potential is projected as
V`(p, k) =
1
2
∫ 1
−1
d cos θ P`(cos θ)V (|p− k|), with p · k = pk cos θ. (29)
We can calculate the potential in momentum space V (|p − k|) by Fourier transformation in the
form of,
V (|p− k|) =
∫
d3x V˜ (x)e−i(p−k)x . (30)
To complete the LS equation, the 2-body propagator takes the form of 2 G(k) = 1/
(
E − k
2
2µ
+ i
)
.
The 2-body interaction inside the DDK system is described in terms of effective potentials in
[46]. We introduce the DK interacting subsystem by considering a contact-range effective field
theory where the leading order contribution is
V˜DK(r;Rc) =C
′
Le
−(r/Rc)2 . (31)
Here the interaction coupling constant takes the value of C ′L = −320.1MeV and the typical inter-
action length is Rc = 1 fm. At the same time, the DD interaction is described by the one boson
2 For the DD system, we also need to consider the additional symmetry factor, 1/2.
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Figure 2: DK scattering amplitudes.
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Figure 3: DD scattering amplitudes.
exchange (OBE) potential involving σ, ρ and ω mesons [84]:
VDD(q) =
∑
V=σ,ρ,ω
Ciso.(V )
g2V
q2 +m2V
(
Λ˜2 −m2V
q2 + Λ˜2 − q20
)2
. (32)
Here the isospin factors are Ciso.(σ) = −1 , Ciso.(ρ) = 1, and Ciso.(ω) = +1 . mV is the mass of the
vector meson. The couplings are chosen as gσ = 3.4, gρ = gω = 2.6 with the corresponding cutoff
parameter Λ˜ = 1GeV.
By solving the S-wave LS equation with the DK and DD interaction potential, we can obtain
the 2-body scattering amplitudes (see Figs. 2 and 3). Here, the amplitude below the threshold is
the analytic continuation since it is required in the 3-body calculation. We need to reexpress the
amplitude in temrs of momentum expansion as follows,
TDK(E) =− 2pi
µ

1
−a−1DK +
1
2
rDKp2 − ip
, p =
√
+2µE, E > 0;
CDK
κ− κDK +RDK +R
(1)
DKκ+R
(2)
DKκ
2, κ =
√−2µE, E < 0,
(33)
9a (fm) r (fm) κ (MeV) C R (MeV−1)
R(1)
(MeV−1)
R(2)
(MeV−1)
DK
1.683(
1.58+0.22−0.17
) 0.791 187.795 3.881 0.0121 3.73× 10−5 1.11× 10−7
DD
−0.392(− 0.4+0.1−0.2) 3.236 −195.166 0.243 7.43× 10−4 2.43× 10−6 7.52× 10−9
Table I: Parameters of the scattering amplitude up to NLO. The scattering length of DK is consistent with
the result of [39] result in bracket and also other lattice simulation results in [25, 37, 40–43]. Note that the
sign convension of the scattering length in lattice simulations is opposite to that of our phenomenological
studies. On the other hand, the scattering length of DD is consistent the result of [84] in bracket as well.
and
TDD(E) =− 8pi
mD

1
−a−1DD +
1
2
rDDp2 − ip
, p =
√
+mDE, E > 0;
CDD
κ− κDD +RDD +R
(1)
DDκ+R
(2)
DDκ
2, κ =
√−mDE, E < 0.
(34)
In the above definitions, µ is the reduced mass of DK. The corresponding expansion parameters are
listed in Table I, which are all fitted from the amplitude obtained from the LS equation. One should
note that above the threshold, we use the normal effective range expansion, while the expression
below the threshold is different because the quantity p cot δ − ip induces additional spurious poles
far below threshold, where p is purely imaginary. These spurious poles emerge at the hard scale of
the theory, i.e., outside the range, where the effective field theory is applicable. In order to protect
the unitarity in our formalism, we give an alternative expression and we can explicitly see that in
the proper expression below threshold, there is only one physical pole for the DK system (no pole
for the DD system),
mD +mK − κ
2
DK
2µ
' 2318. (35)
This pole is interpreted as the DK bound state, D∗s0(2317) which has been supported by both
lattice QCD [35–43] and phenomenological studies [18–34]. Based on the DD interaction potential,
Eq.(32) referring to [46, 84], we also find a virtual state in the DD system, κDD ' −195MeV.
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Figure 4: DDK three-body force as a function of the cutoff. Left: without the DD interaction; Right: with
the meson exchange interaction between the D mesons.
C
′
S (MeV) C
′
L (MeV) E2 (MeV) E3 (only DK) E3 (both DK and DD)
RL = 1fm, RS = 0.5fm
0 −320.1 −45.0 −65.8 −71.2
Table II: The 3-body DDK bound state predicted by [46].
B. 3-body part
1. 3-body system in infinite volume
We introduced a 3-body force to describe the short range interaction in the DDK system. It
turns out that the 3-body forceH0 should be running periodically as shown in Fig. 4. Consequently,
the solution of the particle-dimer scattering equation (7) shows that there is a 3-body bound state
pole in the DDK system which is consistent with the prediction of [46] (see Table II). Actually,
the behavior of the 3-body force as shown in Fig. 4 is determined from the binding energy of the
3-body bound state which can be obtained in either the phenomenological study - that we refer to
- or an experiment measurement. This relationship between H0 and Λ can keep our predictions
totally cutoff independent. 3
3 Sometimes, one can choose a proper value for the cutoff, Λ, so that H0 is typically small, then this 3-body force
will be effectively suppressed in the corresponding model.
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Figure 5: DDK states in finite volume. Left: only the DK interaction is considered. Right: both DK and
DD interactions are taken into account. The upper blue regions indicate the case of 3 free particles in finite
volume. The red regions indicate the case of free D∗s0(2317) and D. The lower blue regions indicate the
DDK bound state below the DD∗s0(2317) threshold.
2. 3-body system in finite volume
Inputting the 3-body force H0(Λ) into the quantization condition (27), we can obtain the lattice
spectrum of the DDK 3-body system, (see Fig. 5). Two thresholds are presented. The threshold
at ∆E = 0 denotes the 3-body threshold which in fact means the energy at mK + 2mD. There is
an additional 2-body threshold at ∆E = −45MeV which denotes the DD∗s0(2317) threshold. This
is the consequence of involving the DK 2-body bound state in our formalism. The existence of two
thresholds is consistent with our previous toy model [68, 69, 71, 80]. Therefore, we also find the
avoided level crossing between spectra tending to the 3-body threshold and the 2-body threshold.
The exclusion of the additional threshold implies that the DD system is unbound. Otherwise,
there should be a third threshold which is related to the DD bound state and the spectating K
meson. In summary, the 3-body scattering states of DDK live above the 3-body threshold while
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Figure 6: DDK bound states in finite volume. Left: only the DK interaction is considered. Right: both
DK and DD interactions are taken into account. The deeper blue regions indicate the DDK bound state
below the DD∗s0(2317) threshold.
P4 (MeV−3) R(3) (MeV−4) R(4) (MeV−5)
DK −3.228× 10−10 3.17× 10−10 8.49× 10−13
DD 2.49× 10−9 2.33× 10−11 7.27× 10−14
Table III: Parametes of the scattering amplitude at N2LO. The effective range expansion at N2LO reads
p cot δ = −a−1 + 1
2
rp2 + P4p
4.
the 2-body scattering states of DD∗s0(2317) live above the 2-body threshold. Finally, below the
2-body DD∗s0(2317) threshold, the 3-body bound state in finite volume is found as well by checking
the lowest energy level of Fig. 5. A closer look at Fig. 6) reveals that the finite volume energy level
exhibits an exponential behavior tending to the bound state (−65.8MeV without DD interaction
and −71.2MeV with both DK and DD interaction) in infinite volume as predicted by [46].
C. Comparing the O(p2) results with the O(p0) and O(p4) results
The 2-body interaction involving DK and DD are resolved at O(p2). We also perform the
calculation by truncating the 2-body part at O(p0) and expanding it up to O(p4). At O(p4), the
parameters are listed in Table III. We find that the lattice spectrum of the DDK 3-body system
turns to be stable in a general profile (see Fig. 7).
The DK 2-body amplitude fitted up to different orders are shown in Fig. 8. The higher order
13
4 6 8 10 12
-80
-60
-40
-20
0
20
40
�(��)
Δ�(�
��
)
Figure 7: DDK states in finite volume. The orange curves are calculated at O(p0), the blue curves at O(p2),
and the purple curves at O(p4).
fitting, i.e., O(p4) expansion, gives better precision near the threshold, however, the part far away
presents a large discrepancy. The 3-body spectrum turns out to depend on the 2-body phase shifts
both near and far away from threshold. We do not mean that the final spectrum is strongly related
to the high-momentum dynamics, but it is fair to argue that up to very high order, the large
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Figure 8: Two-body amplitude and the fitting up to O(p0), O(p2) and O(p4). The orange line denotes the
numerical solution of the LS equation. The black line is at O(p0), the blue line is at O(p2), and the blue
dashed line is at O(p4).
discrepancy far away from threshold is able to disturb the result competing with the convergence
near threshold. Since up to O(p2), the result has stabilized, it is reasonable to stick to the result
at O(p2).
For the different expansion orders of the 2-body interaction, the running of the 3-body force also
shows different behavior. Since here the 3-body force is in fact a counter-term, the strength of this
term will be sensitive to the precision of the 2-body interaction.
IV. SUMMARY
We have successfully produced the 3-body bound state of DDK on lattice (see Fig. 5). Our
calculation is based on effective field theory referring to the phenomenological setup in [46, 84].
In the infinite volume limit, it tends to the realistic energy predicted by [46]. The energy level of
spectrum for the bound state of three bodies shows the exponential behavior which is consistent
with many previous calculations of Efimov states on lattice [53, 68, 71]. The prediction for the
lattice spectrum of bound state can be tested by future lattice simulations. We can find whether
lattice QCD will generate this stable 3-body bound state and further more, we are allowed to
use lattice spectrum to constrain 3-body force H0 which is a very important LEC in the effective
field theory. This cross-check presents a connection between phenomenological methods and lattice
15
calculations on the 3-body dynamics, thus supplies an ab initio way to study the DDK system.
In the lattice spectrum, there exist energy levels which tend to the DD∗s0 threshold in the infinite
volume limit. This is the consequence of the 2-body bound state D∗s0(2317). In our formalism, we
assume that the D∗s0(2317) is a D −K molecule. This will influence deeply the 3-body dynamics.
That is to say, we can find the avoided level crossing in the spectrum. In other words, 3-body lattice
simulations are able to confirm the existences of D∗s0(2317) and its behavior in the finite volume of
3-body system. Since the DD system is unbound, we do not see any energy level which belongs
to the pattern of (DD) −K. We believe that future lattice simulations of DDK will open a new
window to reveal these dynamics in the charm sector.
Our prediction for theDDK 3-body lattice spectrum is derived from the non-relativistic effective
field theory. It is reasonable because the calculation is carried out near the threshold. In order
to justify this, we have checked the stability of the spectrum by including the 2-body dynamics at
O(p0), O(p2) and O(p4). It shows that the 3-body spectrum is not sensitive to the physics in the
high momentum region of the relevant particles. Higher order calculations in principle can be done,
but are unnecessary because when the order is taken to too high, the effective range expansion
which we have used in the 2-body matching will break the precision of the 3-body result. So the
result up to O(p2) are already good enough.
The lattice spectrum below the DD∗s0 threshold can give more detail to study the physical
picture of the DDK bound state as we have done in the toy model [71]. The analytic expression for
the 3-body ground state in [80] can also be derived for the DDK system and compared with the
corresponding numerical result. Additionally, the work can be improved by introducing a 3-body
force beyond non-derivative coupling. This is also a relevant topic for the cross-check with future
lattice simulations.
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